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ABSTRACT 

Le t  K be  a c o m p a c t  g r o u p  of linear operators of the  d-dimensional  space 

R d a n d  Gg,d denote the  semidirect produc tK by R d. I t  is shown t h a t  if  

an  adapted probabil i ty measure # on  GK,d is no t  s c a t t e r e d  (i.e. for s o m e  

c o m p a c t  F we h a v e  l i m , ~  SUpgEGK, a t t  *n (gF) > 0), then there exists 

a nonze ro  v e c t o r  x0 E R d such  t h a t  k l (X0)  = k2(xo) ho lds  for all ( k l , x l )  

and (k2, x2)  b e l o n g i n g  to  t h e  t o p o l o g i c a l  s u p p o r t  S ( # )  of the  measure  it. 

As  a result we o b t a i n  t h a t  every adapted and strictly aperiodic probabil i ty  

measure on the group of  all rigid m o t i o n s  of  the  d-dimensional  Eucl idian 

space is s c a t t e r e d .  

Let G be a locally compact Hausdorff group and P(G) denote the set of all 

(Radon) probability measures on G. For a fixed measure p E P(G) the question 

under what conditions on p 

(*) lim sup #*n(gF) = 0 (F compact) 
n---~ gEG 

holds was studied by K.H. Hofmann and A. Mukherjea in 1981. They conjectured 

(see [HM]) that (*) is satisfied for all p such that the smallest closed semigroup 

generated by the topological support S(p) of p is the whole group G (irreducibil- 

ity). Recently a positive answer to this question has been provided in [W] by 

G. Willis. 

A lasting challenge is to prove (*) under weaker assumptions than irreducibility. 

Let us recall that p is said to be a d a p t e d  if the smallest closed subgroup G(#)  
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containing S(#) is the whole group G. By h(#) is usually denoted the smallest 

closed subgroup H of G such that for all g E S(#) we have #(gH) = 1 and 

gH = Hg. If # is adapted then h(#) has been identified in [DL] as the closed 

subgroup generated by Un~__t S(p  *'~ * p* ' )  U S(/~ *~ */5*n), where/~ denotes the 

symmetric reflection of p. In the sequel we shall deal with another subgroup 

related to #. Namely, we define 

j = l  2j 
¢k=±l ,  ~ ek=0 

k = l  

It is not difficult to notice that always h(p) C_ Gsym(#) C_ G(/~). If h(#) = G we 

say that  # is s t r i c t l y  ape r iod ic .  In [DL] there is a list of groups G for which (*) 

holds for any adapted and strictly aperiodic probability measure p. For instance, 

all nonamenable and nonunimodular groups are there. By recent results of the 

author (see [B]) groups which possess invariant metrics may be added. 

In the end of the paper [DL] a suggestion is formulated that perhaps ( , )  is 

not fulfilled for some strictly aperiodic and adapted measure u E P(G) ,  where 

G is the group of all rigid motions of the Euclidian space R 3. The aim of this 

note is to provide an answer (see Corollary 2) to this question. Namely, it again 

appears that  ( , )  holds if # is strictly aperiodic and adapted. Let us emphasize 

that  our result is somewhat stronger, as instead of the group of rigid motions, 

we consider semidirect products of compact groups by R d. Before we will deal 

with these special groups we formulate three auxiliary lemmas which are valid for 

general groups. The first two of them are known and may be found respectively 

in [DL] and [B]. 

LEMMA 1: Let # be a probability measure on G. Then the following conditions 

are equivalent: 

(i) #*n __, 0 vaguely O.e. l i rn  /~*n(F) = 0 for any compact F), 

(ii) G(#) is noncompact. 

Following [B] we say that # E P(G) is s c a t t e r e d  if (*) holds. On the other 

hand, if there exist a sequence g~ E G and a compact set F C_ G such that 

#*n(gnF) -- 1 for all n E N, then # is called c o n c e n t r a t e d .  If both the two 

measures # and ~ are scattered (concentrated), then we say that # is s . s c a t t e r e d  

( s . c o n c e n t r a t e d ) .  
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LEMMA 2 (see also [El): I f  # is not scattered then there exists a probability 

measure p E P(G) such that f~.n . p.~ ~ p in the weak measure topology and 

(1) f , . p . t , =  p. 

To prove the main result of the paper we will need the following: 

LEMMA 3: Let G be a compact metric group. Then for every/z E P(G) the limit 

p = lim,~-+oo ~ . n .  # . .  is the Haar measure on h(#) and moreover 

h(l*) = U S(~ *n -k #*~) = S(p) = Csym(#). 
n~---1 

Proo~ By Pp we denote the convolution operator P u f ( .  ) = f f ( .  t)dp(t).  We 

notice that  P ,  is a positive linear contraction on L2(G). By compactness of G the 

iterates {P~f}n>l  of any fixed f G L2(G) are relatively compact for the norm 

H" 112 of L2(G). It implies that the set 

Ey = { t • G: IIT(t)P~f - P;f[12 ~ O} 

is closed in G, where T(t)  stands for the isometry T ( t ) ] ( .  ) = ] ( .  t). By [DL] we 

have S(7) C_ h(#) C_ Ef where r = lim p*n * f~*~. Hence 

n lim ]1 P~ P~ f - P~ f 112 = O. 
n ----+ O 0  

Applying once again the fact that {P~f}~>_l is relatively compact we get 

lim II P S P S P S f  - P ~ f  112 = O. 
n ~ o ~  

Next we notice that 

n n n n n n lim II P; P; P; Y - P; f = o 

which gives P p . J  = P J  and consequently p *  p = p. This yields that  p is the 

Haar measure of the subgroup S(p). By Lemma 2 we have 

S(p) = S( f , * "  * p *  t , * " )  ~_ S(~*~*t ,  *~) 

for any natural n. Hence, 

o o  

s(p) c_ U s(P *n * c s(p) c h(,). 
n = l  
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To get the opposite inclusion S(p) D h(#) we only must show that S(p) is a 

normal subgroup of G(#). We begin with the obvious inclusion S(#) C_ gS(p) 

where g E S(#). It is also clear that ifg E S(#) then the mappings (I)g(x) = g- lxg  

leave the set S(p) invariant. Since mappings (I)g are isometries with respect to 

an invariant metric on G we conclude (~9(S(p)) = S(p), so S(p) is a normal 

subgroup of G(p). 

Repeating the above arguments we obtain S(T) = S(p) = h(#). Applying (1) 

we conclude S(#)h(#)S(ft) = S(ft)h(it)S(p) = h(#) which finally gives h(#) = 

Csym(it) .  II 

Now we turn to semidirect products. Let R d, d _> 1 be the d-dimensional 

vector space with a fixed norm I1" tl, and K be a compact group of linear operators 

on R d. By GK,d we denote the semidirect product K ® R  d. An element g of GK,d 

is usually represented as the pair (kg, xg). We recall that  the group operation 

is defined by gig2 = (k91, xgl)(kg~, x~2) = (kg~ kg2, xg~ + kg~ (xg~)). Obviously, 

GK,~ equipped with the product topology is a locally compact Polish group. It is 

well known (see [HR] page 211) that it is unimodular, and the product measure 

= AK ® )~d (AK iS the normalized Haar measure on K, Ad is the Lebesgue 

measure on R ~) is a Haar measure on GN,~. Applying results of [EG] we may 

easily show that the group GSO(d),d is amenable. In fact, let us consider the 

sequence of sets Un = SO(d) × { x E Rd: Ilxll _< n }. Clearly we have 

lim A ( FU~ A Un ) = 0 

for any fixed compact set F C GSO(d), d. The fact that in general groups GK,d 
have no invariant metrics is explained in the second part of the paper. Therefore 

[DL] and [B] do not answer the question if a strictly aperiodic and adapted 

it E P(GK,d) is scattered. 

The second task of this note is to show that the characterization of concentrated 

measures provided by Theorem 1 in [B] is valid for some metric groups which do 

not possess invariant metrics. We will show that # E P(GT,2) is not scattered if 

and only if h(it) is compact. In general it is not true that h(#) is compact if it is 

nonscattered. Examples of such it's may be found by the reader in [BO] and [E]. 

Now we are in a position to formulate the main result of the paper. 

THEOREM: Let # 6 P(GK,d) be nonscattered and G(it) be noncompact. Then 

there exists xo ~ 0 such that k(xo) = Xo whenever (k, x) 6 Gsym(it) [or some x. 
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Proo[: Let us notice tha t  if ~. = ( r , ,  X~) denotes the r andom walk o n  GK,d, 
determined by the measure p, then ~-~ is the r andom walk on the group K 

generated by # g ( ' )  = #(" × Rd)- 

Since p is nonscattered,  then by [C] for a fixed (small) e > 0 there exist a 

radius r > 0 and a sequence an • GK,d such tha t  for all na tura l  n the inequality 

#*n(C~) > l - e h o l d s ,  w h e r e C n = a n ( K × B ~ ) a n d B ~  = { x • R d : H x l l _ < r } .  

We may  also assume tha t  

(2) p(KxB¢) > 1-~ 

where p is the same as in Lemma 2. By (1) we get 

/ / p(g(  × B )O -1) > 1 - c  

and consequently 

f~ l~ p(g(K × B~)~ -1) dp*n(g) dp*~(~l) > 1-4¢. 
d ~  

n ~ n 

Thus for any natura l  n there exist gn, [?, E Cn so tha t  

1 - 4~ < p(gn(K × B~)~ ;  ~) 

= p({(k~ k k ; ) ,  x~o + k~.(x) - k .okk ;~(x~ . ) ) :  k e K, Ilxll < r}) 

< p ({ (k ,  x~o - k(~0o) + x): k • K, ll~ll < Cr}) 

where c = sup{llkll: k • K }  < cx~. Combining (2) and the above est imat ion we 

get 

(3) p ( { ( k ,  x,~ - k(x0~) + x): k E K,  I]xll <_ ~r} n (K  × B¢~)) > 1 - 5~. 

We notice tha t  Ilxg~ - xo.l[ < 2cr since gn, g ,  C C~. By  L e m m a  1 

#*~(K × B~) ~ 0, so Ilanll tends to infinity. Hence we may  assume tha t  

IlXg~ II, IIX~,,H ~-- R n  --+ (:x:). Now,  le t  u s  denote 

K~ = {k e K: llx.~ - k(x0~)ll <_ 2or } and PK(') = P(" x Rd).  

From (3) we get pK(gn) ~ 1 -- he. Let nj  ~ oc be such tha t  

X g'u ÷ 
i]Xgnj ll X~ (and x~-------~ ~ x~) Ilxo~, II 
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Clearly IIx~ll = 1 and IIk(xe) - x~ll <_ E for k taken from Knj (j large 

enough).  As a result we get tha t  for every 0 < e < 1/5 there exist a set K~ C_ K 

and x~ • R d with IIx~H = 1, such tha t  pK(K~) > 1 -- 5e and IIk(x~) - x~II ___ ~ for 

all k • K~. 

For some ~j ~ 0 we have x~j -~ Xo. Now let us consider 

K0 = { k • K : k ( x 0 )  = x0 }. 

The following est imation 

OK(gO) >--- pg(fk  • K: IIk(x  ) - < > 1 - 5ej 

holds if j is appropriate.  We conclude pK(Ko) = 1. Since Ko is closed, it 

contains the se t  S(pg). By Lemma 3 we infer tha t  k(Xo) = Xo for any k C 

h(t tg)  = Gsym(pg). To end the proof  it is sufficient to notice tha t  Gsym(pg) 

consists of those element from K tha t  for some x E R d one has (k, x) E Gsym(#). 

| 

COROLLARY 1 : Let p be a probability measure on GK, d. I[ G(#) iS noncompact 

and /or every x • R a \ { 0 }  there exist (k l ,Xl ) , (k2 ,x2)  • S(tt) with k l (x)  

k2(x), then # is s.scattered. 

Since Gsym(tt) = G is valid for all adapted and strict ly aperiodic p • P (G) ,  

the next  corollary provides a solution to  the problem raised by Y. Derriennic and 

M. Lin in the end of the paper  [DL]. Namely, we have: 

COROLLARY 2: Let # be a probability measure on the group G of all rigid motions 

of the d-dimensional Euclidian space R d (i.e. G = GSO(d),d) such that Gsyra(#) = 

G. Then # is s.scattered. 

Proof." Clearly G(#) is noncompact .  We notice tha t  the group SO(d) moves all 

nonzero vectors of R d and the result follows by the equality Gsym(#g)  = SO(d).  

| 

In this par t  of the paper we provide an example of a group whose left and 

right uniform structures  are not equivalent (it has no invariant metric),  but  with 

the proper ty  tha t  # • P(G) is nonscat tered if and only if h(#) is compact .  By. 

T we denote the circle group (i.e. T = {z C C:  [z] = 1}) with the ordinary 

group operat ion and topology. We will identify R 2 with the complex plain C. 
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Now let us consider the group GT,2(= Gso(2),2). We notice tha t  there is no 

invariant metric on this group. In fact, let g,~ = ( ei/~, 0) and y,~ = (1, n). I t  is 

not  difficult to check that  yng,~yn I = (e i/'*, n(1 - - c o s ( l / n ) )  - - n s i n ( 1 / n ) i )  is not  

convergent to (1, 0), the neutral  element of GT,2. Therefore by [HR],(8.18) there 

are no invariant metrics on this group. 

PROPOSITION: Let # be a probability measure o n  GT,2. Then # is not scattered 

i f  and only i f  h(#) is compact. Moreover, it holds onty if  either G(#) is compact, 

or # = 6(1,z) with z ¢ 0 and then G(p) = Z. 

Proof: Let us begin with the remark tha t  if h(#) is compact  then without  any 

restrictions on G the measure # is nonscattered.  In fact, for any natura l  n and 

g C S(#)  we have ~*~(g~h(~)) = 1. 

Now let us assume that  # is nonscat tered and G(p) is noncompact .  By our 

Theorem there exists nonzero x0 C C so that  oqx0 = a2xo for all 

(~1, Zl), (a2, z2) E S(p). Hence c~1 = c~2, which implies # = 6~ ® u with u a 

probabil i ty measure on C. Let X 1 , X e , . . .  and )(1,3~2,-.-  be  i.i.d, complex- 

valued random variables of distr ibution u. Then  the random walk (n generated 

by p has the representat ion ~ = (c~ ~, XI  + aXe + . . .  + c~ - l  Xn). Let 

which is an independent copy of (,~. Since # is assumed to be nonscattered,  the 

sequence 
re--1 

~--1 ~- : ( 1 , ~ , n ( E O l k ( j k . k + l  _ _ ~ k + l ) ) )  is in (1,yn) 
k=0 

is stochastically convergent to (1, Y) where Y is a complex-valued r andom vari- 

able (Lemma 2). If  we denote by Ak and Bk the real and, respectively, the 

imaginary par t  of Xk - ) ( k  , and represent c~ as e it, then elementary calculations 

lead us to 

n - 1  

N(Y~) = E ( A k + I  cos((n - k)T) + Bk+l sin((n - k)T)), 
k=0 

and 
n--1 

3(Yn) = '}-~'(Ak+l sin((k - n)~-) + B~+I cos((n - k)T)). 
k=0 
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The characterist ic  functions qy~(y~) and ~ ( y ~ )  are pointwise convergent  to the 

characteris t ic  functions ~ ( y ) ,  ~7(Y), respectively. In  par t icular ,  using indepen- 

dence we obta in  the following formulae: 

n--1 n--1 
• = (t), %(yo)(t) = YI ¢(7)k,n (t) 

k=O k=O 

where ¢(~) ¢(7) s tand for the characterist ic  functions of r a n d o m  variables 

A1 cos((n - k)v) + B1 sin((n - k)T), and A1 sin((k - n)T) + B1 cos((n - k)v).  

If  l¢~,~)(t){ < 1 e ( (7) - ICk,n(t)l < 1 - e) for some k, then  the per iodici ty  of the 

functions sin and cos implies tha t  this takes place as m a n y  t imes as we wish, if 

only n is large enough. Thus  kO~(y)(t) = 0 ( ~ ( y ) ( t )  = 0) if for some k , n  we 

have (~) (7) 1). ICk,n(t)l < 1 (1¢k,,~(t)l < 

As a result,  for any t E R we have tffJ~(y)(t)] and IqJ~(y)(t)l are 0 or 1. The  

continuity of characteris t ic  functions gives the identities I ~ ( y ) l  = 1~7(r)l - 1. 

We notice t ha t  m a y  happen  only if ~ ( Y )  and Y(Y) are constant  wi th  probabi l i ty  

one. Since Y and - Y  have the same distr ibution,  we finally get Y = 0 wi th  

probabi l i ty  one. As a result  we have the convergence 

n--1 
n]ilTl P r o b (  ~-n E c ~ k ( X k ÷ l -  -~k+l) > ~) ~-- 0. 

k=0 

Therefore  the series ~k~=0 ak(Xk+l -- -~k+l) converges to 0 in probabi l i ty  which 

is only possible if X1 is constant  wi th  probabi l i ty  one. This  means  t ha t  ]~ = ~(~,~) 

for some a E T and z E C.  I t  is not difficult to notice t ha t  holds for noncompac t  

G(#)  only if a = 1, and z ~ 0; then  the group G(#)  is isomorphic to Z. Clearly 

h(#) = {(1,0)} in this case. 

If  G(tt) is compac t  then  obviously h(tt) mus t  be  compact .  The  proof  of the 

proposi t ion is completed.  | 
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